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ON THE HOMOLOGY LENGTH SPECTRUM OF SURFACES
DANIEL MASSART, HUGO PARLIER
Abstract. On a surface with a Finsler metric, we investigate the asymptotic
growth of the number of closed geodesics of length less than L which minimize
length among all geodesic multicurves in the same homology class. An important
class of surfaces which are of interest to us are hyperbolic surfaces.
1. Introduction
1.1. The questions we ask. Let (M,m) be a closed, orientable manifold of di-
mension two, equipped with a Finsler metric. We are interested in the asymptotic
growth, as T grows, of a certain set of closed geodesics of length less than T .
Let us denote G0 the set of all closed geodesics of (M,m) and for T ∈ R∗+ by G0(T )
the subset of G0 which consists of geodesics of length less than or equal to T . When
m is a Riemannian metric of pinched negative curvature, Margulis [M69] showed
that the cardinality of G(T ) grows like eT/T .
Similarly, for a fixed homology class h in H1(M,Z), one can count the number of
closed geodesics with homology h and of length less than L. The asymptotic growth
of this number has also been studied, for instance by Philips and Sarnak [PS87].
Here we are interested in a problem which is in some sense orthogonal to the lat-
ter: instead of picking a homology class and counting all closed geodesics therein,
we consider all homology classes, and associate to each one (at most) one closed
geodesic. We then estimate of the asymptotic growth of this set of closed geodesics.
To be precise we need to introduce the stable norm of m. This is the function
which maps each homology class h in H1(M,Z) to the smallest possible length of a
union of geodesics representing h. This union will always be a weighted multicurve
(disjoint union of simple closed geodesics, possibly with multiplicity). Recall that
since M is orientable, H1(M,Z) embeds as a lattice in H1(M,R). The map thus
defined extends to a norm on H1(M,R), called stable norm and denoted ‖‖g ([F74,
GLP, Mt97, BM08]). We denote by B1 its unit ball. We say a geodesic multicurve
is minimizing if it minimizes the length among all multicurves within the same
homology class.
There are multiple counting problems one could investigate here. The first one
that comes to mind is to find asymptotic estimates for the number of elements of
H1(M,Z) with stable norm less than T when T goes to infinity. By Minkovski’s
theorem, this is easily seen to be ≈ Vol(B1)T 2g where g is the genus of M (and thus
Date: October 12, 2018.
1
ar
X
iv
:1
40
6.
54
32
v1
  [
ma
th.
DG
]  
20
 Ju
n 2
01
4
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the dimension of H1(M,R) is 2g). The quantity Vol(B1) is the volume of the unit
ball with respect to the following volume form. As M is orientable, the algebraic
intersection of oriented closed curves induces a symplectic form on H1(M,R), which
we denote Int(., .). The g-th power of this symplectic form is a volume form on
H1(M,R) with respect to which the integer lattice H1(M,Z) has determinant one.
The volume Vol(B1) is meant with respect to this volume form.
However, we argue that this is not necessarily the most relevant counting problem
when it comes to surfaces of genus greater than one. Indeed, it is proved in [Mt97]
that infinitely many homology classes in H1(M,Z) have a minimal representative
which is a multicurve with exactly g connected components. Furthermore, if a simple
closed geodesic occurs as a connected component of a geodesic multicurve, then in
fact it occurs as a connected component of infinitely many geodesic multicurves
[Mt97]. Therefore, when counting geodesic multicurves, there is a lot of redundancy
and it is thus of interest to count these connected components.
It can be seen from [Mt97, BM08] that a closed geodesic γ is a connected component
of some minimizing multicurve if and only if it minimizes the length in its homology
class. That is, ‖ [γ] ‖ = `m(γ), or equivalently, the homology class [γ] /`m(γ) lies on
the unit sphere ∂B1 of the stable norm. More precisely, γ is a connected component
of some minimizing multicurve if and only if the homology class [γ] /`m(γ) is a vertex
of the stable norm, that is, the unit ball has an open set of supporting hyperplanes
at [γ] /`m(γ).
So the objects we shall focus on are the closed geodesics which minimize length
in their homology class (thus among all multicurves with the same homology). We
denote the set of these by G. For the sake of brevity we shall call such closed geodesics
minimizing in their homology classes, or homologically minimal. Our purpose here
is to find asymptotic estimates, when T → +∞, for the cardinality N(T ) of the set
H(T ) := {[γ] : γ ∈ G, `m(γ) ≤ T}.
Again by Minkovski’s theorem, N(T ) is bounded from above by Vol(B1)T 2g. How far
below this estimate the actual growth is, is a measure of how few closed geodesics
minimize the length in their homology class, or how many homology classes are
minimized by (non-connected) multicurves.
Observe that when M is not orientable, the unit ball of the stable norm could be a
finite polyhedron (see [BM08]), in which case there are only finitely many homology
classes of elements of G. This however never happens for orientable surfaces, so the
asymptotic counting problem will always be non-trivial in this case.
Although we have scant evidence as to what the answer might be, we ask the fol-
lowing question to get the ball rolling.
Question 1.1. Does N(T ) grow quadratically for all (M,m)?
When M is a torus, this follows from Minkovski’s theorem. Although our setup
does not allow for this, the same questions can be asked when the surface is hyper-
bolic torus with a cusp, a case well investigated by McShane and Rivin [McSR95i,
McSR95ii] where among things they prove asymptotic quadratic growth and a bound
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on the error term. Furthermore, minimizing geodesics do not pass through sepa-
rating “long thin necks” (see Lemma 2.8 for the exact definition and statement).
When M is such that these “necks” cut the surfaces into parts of genus at most
1, N(T ) becomes a finite sum of functions which grow quadratically and thus also
grows quadratically. This is discussed in more detail in section 2.4.
There is a connection between the problem we investigate and the question of count-
ing closed trajectories of a polygonal billiard table with angles commensurable to pi.
Such closed trajectories correspond to closed geodesics of a flat surface with cone
point singularities (see [KMS86]). The closed geodesics which come from closed bil-
liard trajectories are easily seen to be minimizing in their homology classes (but not
all minimizing geodesics come this way). A positive answer to Question 1.1 would
thus provide a generalization of Masur’s quadratic upper bound on the number of
strips of parallel closed billiard trajectories [Ms90]. Furthermore, Masur’s bound
provides further evidence that the correct bound is indeed quadratic.
1.2. The answers we give. Now that we have introduced the problem, let us lay
out what we do in this paper. We want to organize the set G into families which
grow quadratically and, for each family, provide a geometric interpretation of the
quadratic constant. For simplicity, and for the remainder of the introduction, we
suppose that M is of genus two.
Let us fix an element of G, that is, a simple, closed, homologically minimizing
geodesic γ. Denote by Gγ the set of all elements δ of G, such that the reunion of γ
and δ is a homologically minimizing multicurve. The sets Gγ, when γ ranges over
G, are the families into which we organize (but not partition) G. So, denoting
• Gγ(L) the set of elements of Gγ of length ≤ L
• Hγ(L) the set of homology classes of elements of Gγ(L)
• Nγ(L) the cardinality of Hγ(L),
we want to prove that Nγ(L)/L
2 has a limit when L goes to infinity, and provide a
geometric interpretation for this limit.
Since closed geodesics which minimize the length in their homology class correspond
to vertices of the unit ball of the stable norm, the approach we propose to our
counting problem is to understand the set of vertices of the unit ball.
First let us observe that for any δ in Gγ, since γ and δ are disjoint, we have
Int([γ] , [δ]) = 0, that is, [δ] lies in the symplectic orthogonal [γ]⊥ of [γ]. As the
genus of M is 2, this symplectic orthogonal is a 3-dimensional subspace of H1(M,R),
which contains [γ]. Furthermore, the kernel of the restriction to [γ]⊥ of the symplec-
tic form Int(., .) is the straight line generated by [γ]. So the quotient space [γ]⊥ / [γ]
inherits a symplectic structure, which will be useful in the sequel.
Moreover, by [Mt97, BM08] (see Theorem 2.3) we know the following facts :
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• for any δ in Gγ, the unit ball B1 of the stable norm has an edge joining [γ] /‖ [γ] ‖
to [δ] /‖ [δ] ‖
• any edge of B1 starting from [γ] /‖ [γ] ‖ is contained in [γ]⊥
• for any non-zero element v of the quotient space [γ]⊥ / [γ], there exists an edge e
of B1 starting from [γ] /‖ [γ] ‖, which projects to the straight line segment [0, λv]
in [γ]⊥ / [γ], for some positive λ.
It might be useful for the reader to get a mental picture of the set of edges of B1
starting from [γ] /‖ [γ] ‖. The intersection of the unit sphere ∂B1 with [γ]⊥, which
has dimension 3, is topologically a two-sphere. The homology class [γ] /‖ [γ] ‖ is a
vertex of this topological two-sphere. There is a neighborhood V of [γ] /‖ [γ] ‖ in
∂B1 ∩ [γ]⊥ such that for any homology class h in V , the straight segment joining h
to [γ] /‖ [γ] ‖ is contained in ∂B1 ∩ [γ]⊥. We denote by E˜(γ) the reunion of all edges
of B1 starting from [γ] /‖ [γ] ‖. Thus E˜(γ) projects to a compact neighborhood E(γ)
of 0 in the quotient space [γ]⊥ / [γ].
For instance, when M is a surface with long thin necks (as described in Section 2.4
and illustrated in Figure 2), for any x, y ∈ R, the homology class
x [δ] + y [β]
‖x [δ] + y [β] ‖
is an endpoint of some edge starting from [γ] /‖ [γ] ‖. We can identify the quotient
space [γ]⊥ / [γ] with the subspace of H1(M,R) generated by [δ] and [β]. Then the
neighborhood E(γ) is simply the set
{ x [δ] + y [β]‖x [δ] + y [β] ‖ : x, y ∈ R}
which is also the unit ball of the stable norm of the torus with one hole obtained
by cutting M along the short separating geodesic in the middle of the neck and
discarding the left-hand side. For a general surface M there is no reason why all
endpoints of edges starting from [γ] /‖ [γ] ‖ should be co-planar, which is why we
introduce the quotient space [γ]⊥ / [γ].
Proposition 3.1 says that under some genericity assumption on the metric m, the
elements of Gγ are in 1-to-1 correspondance with the integer vectors in the vector
space [γ]⊥ / [γ]. Furthermore, for any L ≥ 0, the elements of Gγ(L) are in 1-to-1
correspondance with the integer vectors in
LE(γ) = {tx : t ∈ [0, L] , x ∈ E(γ)}.
A variation on the classical Minkovski theorem (Proposition A.1) then says that
Nγ(L)/L
2 converges to the volume, with respect to the symplectic structure on the
quotient space [γ]⊥ / [γ], of the compact set E(γ).
For a surface of genus g > 2, we have to adjust our strategy a little bit : instead
of fixing an element γ of G, we fix g − 1 elements γ1, . . . γg−1 elements of G, whose
reunion Γ is a minimizing multicurve, and we consider the subset GΓ of G which
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consists of closed geodesics γ such that the reunion of γ and Γ is a minimizing
multicurve. Then we prove that GΓ, as Gγ in the genus 2 case, grows quadratically,
again under some genericity assumption on the metric m. The genericity hypothesis
we alluded to in the previous paragraph is that in every homology class there is
at most one minimizing multicurve. It would be interesting to know whether this
hypothesis is truly necessary, and if it is, how restrictive it is. The word “genericity”
seems to indicate that metrics not satisfying this hypothesis are Baire meagre in the
set of all metrics. However, we do not have a proof of this fact. It is true, however,
in the smaller set of metrics of constant negative curvature, as outlined in Section
2.3. In the larger setting of Finsler metrics, we believe the genericity could be proved
using the machinery of [BC08].
Now we would like to know how much our result really says about Question 1.1.
Again, for simplicity we consider the genus two case. If, instead of fixing an element
of G, we consider a family (γi)i∈I of elements of G, can we say something about the
growth of the reunion
⋃
i∈I Gγi ? Obviously we can if the family (γi)i∈I is finite, but
even in that case the interpretation of the quadratic constant is not clear since for
each γi we have to use the symplectic structure of the quotient space [γi]
⊥ / [γi].
It would be interesting to interpret the quadratic constants directly in terms of the
symplectic structure of H1(M,R). For this we suggest the following procedure.
Step 1: Prove that for each γ ∈ G, the set Fγ defined as the closure in H1(M,R) of
the set
{t [δ] : δ ∈ Gγ, t ∈ [0, 1]}
is rectifiable, so we can evaluate its symplectic area with respect to the symplectic
form Int(., .). Denote it Ω(γ).
Step 2: Prove that Ω(γ) equals the area, with respect to the symplectic structure
on the quotient space [γ]⊥ / [γ], of the compact set E(γ).
What is interesting about this point of view is that assuming both points above are
true, if we have a countable family (γi)i∈I of elements of G, the reunion
⋃
i∈I Gγi is
again rectifiable, so we can evaluate its symplectic area.
Recall that the set of homology class of elements of G is countable. We propose the
following.
Conjecture 1.2. Let
• M be a closed, orientable, surface of genus g, equipped with a generic Finsler
metric m
• F be the closure in H1(M,R) of the set {t [δ] : δ ∈ G, t ∈ [0, 1]}
• GT be the set of elements of G with length ≤ T
• H(T ) the set of homology classes of elements of G(T )
• N(T ) the cardinality of H(T ),
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Then
• F is rectifiable. We denote Ω (F) its symplectic area with respect to the intersec-
tion form Int(., .).
• we have the following asymptotic estimate :
lim
T→+∞
N(T )
T 2
= Ω (F) .
Of course, even if the conjecture is true, it doesn’t say much if Ω (F) is infinite.
Therefore our aim is now to find sufficient conditions for Ω (F) to be finite. One
such condition is when M has g − 1 thin long necks. The question is, how far from
this rather obvious hypothesis can we go?
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2. Notations and preliminaries
2.1. Minimizing measures. We denote by M the set of Borel measures on the
unit tangent bundle T 1M of (M,m), not necessarily normalized (i.e. the total mass
need not be 1), which are invariant under the geodesic flow of m. If µ ∈ M, we
denote
m(µ) :=
∫
T 1M
1dµ
so m(µ) is both the total mass of µ, and, when µ is supported by a closed geodesic
α, the length of α, thus the notation m(µ) is quite convenient.
By [Mr91] (see also [BM08]), for any µ inM and any C1 function f on M we have
(1)
∫
T 1M
dfdµ = 0.
Thus the measures in M have a well-defined homology class in H1(M,R). For
instance if µ is supported by a closed orbit of the geodesic flow (γ, γ˙), γ a closed
geodesic, then the homology class of µ is just that of γ.
We say a measure µ inM is minimizing when it is minimizing in its homology class
[µ], i.e., when
m(µ) = ‖ [µ] ‖.
One of the reasons for considering invariant measures (rather than just geodesic
multicurves) is that there may be homology classes in H1(M,R) for which there is
no minimizing multicurve. In fact, when M is an orientable surface, such classes
always exist but there still always exists a minimizing measure [Mr91, BM08].
ON THE HOMOLOGY LENGTH SPECTRUM OF SURFACES 7
Lemma 2.1. Let µ, ν ∈M be such that µ+ ν is minimizing in its homology class.
Then for any a, b ≥ 0, aµ+ bν is minimizing in its homology class.
Proof. Take a supporting hyperplane at [µ+ ν] /‖ [µ+ ν] ‖ to the ball B1, that is, a
cohomology class c ∈ H1(M,R) such that
〈c, h〉 ≤ ‖h‖ ∀h ∈ H1(M,R)(2)
〈c, [µ+ ν]〉 = ‖ [µ+ ν] ‖.(3)
For any closed 1-form ω on M such that [ω] = c, we have, by Equation (1),
(4) 〈c, [µ+ ν]〉 =
∫
T 1M
ωd(µ+ ν) =
∫
T 1M
ωdµ +
∫
T 1M
ωdν.
Since µ+ ν is minimizing in its homology class, we have
(5) ‖ [µ+ ν] ‖ = m(µ+ ν) = m(µ) +m(ν).
so
(6)
∫
T 1M
ωdµ +
∫
T 1M
ωdν = m(µ) +m(ν).
On the other hand, by the inequality (2), we have
〈c, [µ]〉 ≤ ‖ [µ] ‖ ≤ m(µ)
〈c, [ν]〉 ≤ ‖ [ν] ‖ ≤ m(ν).
Those two inequalities sum up to the equality (6), so both inequalities are equalities
: ∫
T 1M
ωdµ = m(µ)∫
T 1M
ωdµ = m(ν).
Now take a, b ≥ 0. We have
〈c, a [µ] + b [ν]〉 = a〈c, [µ]〉+ b〈c, [ν]〉
= am(µ) + bm(ν)
= a‖ [µ] ‖+ b‖ [ν] ‖
≥ ‖a [µ] + b [ν] ‖
where the last inequality is just the triangle inequality. On the other hand, by
inequality (2), we have
〈c, a [µ] + b [ν]〉 ≤ ‖a [µ] + b [ν] ‖
hence
am(µ) + bm(ν) = 〈c, a [µ] + b [ν]〉 = ‖a [µ] + b [ν] ‖
which says that aµ+ bν is minimizing in its homology class. 
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2.2. Faces of the stable norm. We will need Proposition 5.6, Theorem 6.1, Propo-
sition 5.4, and Lemma 5.5 of [BM08] so we recall their statements below.
We say a homology class h in H1(M,R) is
• integer if h ∈ H1(M,Z) ⊂ H1(M,R)
• rational if there exists h′ ∈ H1(M,Z) and n ∈ N∗ such that h′ = nh
• 1-irrational if there exists h′ ∈ H1(M,Z) and λ ∈ R such that h = λh′.
Proposition 2.2. Let M be a closed (possibly non-orientable) surface with a Finsler
metric m. If h is a 1-irrational homology class and µ is an h-minimizing measure,
then the support of µ consists of periodic orbits.
Theorem 2.3. Let
• M be a closed orientable surface endowed with a Finsler metric m,
• γ1, . . . γk be simple closed geodesics such that the formal sum Γ := γ1 + . . . + γk
is a minimizing multicurve,
• h0 be [γ1] + . . .+ [γk].
For all h ∈ V (Γ)⊥, there exists s(h0, h) > 0 such that the subset of the unit sphere
∂B1 {
h0 + sh
||h0 + sh|| : s ∈ [0, s(h0, h)]
}
is a straight segment.
Proposition 2.4. Let γ2 be a closed, simple, two-sided geodesic on a closed (possibly
non-orientable) surface M endowed with a Finsler metric m. There exists a neigh-
borhood V2 of (γ2, γ˙2) in T
1M such that if γ is a simple closed geodesics entering V2
(resp. leaving V2) then
• either γ is a closed geodesic homotopic to γ2
• or γ is asymptotic to a closed geodesic homotopic to γ2
• or γ intersects γ2, and all intersections have the same sign with respect to some
orientation of p(V2), where p denotes the canonical projection TM →M .
Lemma 2.5. Let M be a closed (possibly non-orientable) surface with a Finsler
metric. If a geodesic γ is asymptotic to a simple closed geodesic, then (γ, γ˙) is not
in the support of any minimizing measure.
2.3. Genericity.
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Definition 2.6. We say (M,m) is generic if, for every h ∈ H1(M,Z), there exists
a unique minimizing multicurve in the homology class h.
We warn the reader that by using the word ”generic” we are abusing terminology a
little bit. Indeed by [Mn96], the property of having only one minimizing measure for
each integer homology class is residual in the set of Tonelli Lagrangians. However,
this is still a much larger set than the set of all Finsler metrics. In the smaller set
of hyperbolic surfaces, this property is true for a Baire dense set of surfaces. (We
are considering the usual topology on the moduli space of hyperbolic metrics on a
surface of fixed genus.)
Proposition 2.7. The set of hyperbolic surfaces without unique minimizing multi-
curves for every homology class is Baire meagre.
Proof. The ingredients for proving this can be found in [McSP08, Lemma 4.1] so we
only outline the argument here as the details are identical.
There are countably many topological types of integer weighted multicurves on a
finite type hyperbolic surface. Any given hyperbolic metric will have a unique geo-
desic representative for a given topological type of multicurve, so to each type one
associates a function over Teichmu¨ller space, the space of marked hyperbolic met-
rics of given type. Now given two such multicurves, we consider the subspace of
Teichmu¨ller space where the two geodesic representatives are of the same length.
This subspace is the zero set for the difference of the length functions and length
functions of this type are analytic with respect to the analytic structure of Te-
ichmu¨ller space. If the zero set of this difference function was contained in an open
subset, it would be all of Teichmu¨ller space but it is not difficult to prove that this is
only possible if the topological types of the multicurves were identical to begin with.
Furthermore, as these sets are zero sets for analytic functions, they are closed sub-
spaces. One now concludes by applying Baire’s category theorem to the countable
collection of these subspaces. 
Note that when a surface is generic, any minimizing multicurve has at most g :=
genus(M) connected components. All the faces of B1 are simplices.
2.4. Long thin necks and quadratic growth. We briefly describe a situation
where we can guarantee quadratic growth. We begin with a lemma which says that
minimizing geodesics do not cross separating geodesics with a sufficiently wide collar
around them.
Lemma 2.8. Let γ be a separating closed geodesic. Assume there exists r > 0 such
that the set
Vr(γ) = {x ∈M : d(x, γ) ≤ r}
is homeomorphic to an annulus, and its boundary components are C1 closed curves
γ1 and γ2, such that for i = 1, 2 we have 2d(γi, γ) ≥ l(γi).
Then, for any homologically minimal closed geodesic α, we have α ∩ γ = ∅.
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Proof. Let α be a homologically minimal closed geodesic, and assume α ∩ γ 6= ∅.
Let a be an arc of α contained in Vr(γ), intersecting γ, with endpoints xa and ya on
the boundary of Vr(γ).
First case: Assume xa and ya are on the same boundary component (say, γ1) of
Vr(γ). Then we have
l(a) ≥ 2d(γ1, γ) ≥ l(γ1)
so, replacing a with an arc of γ1 going from xa to ya, we obtain a closed curve
homologous to α, and shorter, which contradicts the minimality of α.
Second case: Assume xa and ya are on different boundary components of Vr(γ) (say,
xa on γ1 and ya on γ2). Then the algebraic intersection of a and γ is not zero. Since
γ is separating and α is a closed curve, the algebraic intersection of α and γ is zero,
so there exists another arc b of γ, intersecting γ, with endpoints xb and yb on γ2 and
γ1, respectively. Then we have
l(a) + l(b) ≥ 2 (d(γ1, γ) + d(γ2, γ)) ≥ l(γ1) + l(γ2)
so, replacing a and b with arcs of γ1 and γ2 going from xa to yb and from xb to ya,
respectively, we obtain a multicurve homologous to α, and shorter, which contradicts
the minimality of α.
xa ya
a
xa ya xa yb
a b
ya xb
xa yb
ya xb
Figure 1. First case on left and second case on right

Definition 2.9. We say a separating closed geodesic has a long thin neck if it
satisfies the hypothesis of lemma 2.8 above.
On a given surface we consider the set of curves with long thin necks as above.
Observe that two such curves are necessarily disjoint thus this set of curves forms a
multicurve.
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Definition 2.10. We say a Finsler surface (M,m) is a giraffe if the complement
in M of the set of separating closed geodesics with long thin necks is a collection of
connected components where the genus of each component is at most 1.
There are a certain number of possible topological configurations for a giraffe, de-
pending on the number of boundary components of the connected components of
the complement in M of the set of separating closed geodesics with long thin necks.
In figure 2, we give three examples in genus 5 of different configurations.
Figure 2. Different configurations of genus 5 surfaces with long thin necks
Concrete examples of giraffes are given by hyperbolic surfaces with a collection
of separating closed geodesics of length ≤ 2 arcsinh1 which cut the surface into
a collection of tori and spheres (both with boundary). In this case the “long thin
necks” are just the disjoint collar regions around the curves, forced by the hyperbolic
metric.
In the remainder of this section we assume (M,m) be a giraffe of genus g. We
denote by T1, . . . Tg the tori which are connected component of the complement in
M of the curves with long thin necks, and by Hi (for i = 1, . . . g) the image in
H1(M,R) of H1(Ti,R) under the map induced by the canonical inclusion of Ti into
M . Beware that Hi may not be isomorphic to H1(Ti,R) if Ti has more than one
boundary component.
Lemma 2.11. For each i = 1, . . . g, the subspace Hi contains a symplectic two-plane
Si in H1(M,R), and
H1(M,R) =
g⊕
i=1
Si
Proof. Since Ti is a torus with holes, we may find simple closed curves αi and βi in
Ti which intersect exactly once. So we have, for all i, j = 1, . . . g,
|Int(([αi] , [βj])| = δij
and
|Int(([αi] , [αj])| = 0
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Therefore the homology classes [αi] and [βi], i = 1, . . . g, form a symplectic basis of
H1(M,R). We now define Si as the linear span of [αi] and [βi] and the lemma is
proved. 
Now denote
Gi = {γ ∈ G : γ ⊂ Ti}.
Lemma 2.12. The elements of Gi are in one-to-one correspondence with the ele-
ments of Si ∩H1(M,Z).
Proof. First we pick an element γ of Gi and prove its homology class lies in Si ∩
H1(M,Z).
Since γ is a closed curve its homology class lies in H1(M,Z). Since [αi] and [βj],
i, j = 1, . . . g, form a basis of H1(M,R), we may write
[γ] =
g∑
j=1
aj [αj] + bj [βj] .
Now since γ ⊂ Ti, for any j 6= i,
Int([γ] , [αj]) = Int([γ] , [βj]) = 0
but
|Int([γ] , [αj])| = |bj| and
|Int([γ] , [βj])| = |aj|
so aj = bj = 0, that is, [γ] ∈ Si.
Conversely, let us pick an element h of Si ∩H1(M,Z), and prove it is the homology
class of an element of Gi.
Let us write
h =
g∑
j=1
aj [αj] + bj [βj] .
Since h ∈ Si, we have aj = bj = 0 for any j 6= i.
By the genericity of (M,m), there exists a unique h-minimizing multicurve γ. We
want to prove that γ has only one connected component, and it is contained in Ti,
so γ is actually an element of Gi.
Since (M,m) is a giraffe, by Lemma 2.8, any connected component of the multicurve
γ is contained in some Tj. Let us assume that γ has a connected component γj
contained in Tj, for j 6= i. Then the homology class of γj is not zero, for if it were
zero, then γ \ γj would be another multicurve with homology h, shorter than γ,
thus contradicting the minimality of γ. But if the homology class of γj is zero,
then for some j 6= i, aj or bj is not zero, which we have already seen is impossible.
Therefore all connected components of γ are contained in Ti. Now let us prove that
γ is connected.
Assume γ has two connected components γ1 and γ2, both contained in Ti. Then
γ1 ∩ γ2 = ∅, because γ is a multicurve (disjoint union of simple closed curves). On
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the other hand, the homology classes of γ1 and γ2 may be written
[γ1] = a1 [αi] + b1 [βi]
[γ2] = a2 [αi] + b2 [βi]
and since γ1 ∩ γ2 = ∅, the absolute value of the algebraic intersection of γ1 and
γ2, which is |a1b2 − a2b1|, is zero. Therefore the homology classes [γ1] and [γ2] are
proportional, say [γ1] = λ [γ2] for some λ ∈ Z. Then if lm(γ1) = |λ|lm(γ1), replacing
γ1 by λγ2 in γ, we find another h-minimizing multicurve, which contradicts the
genericity of (M,m); and lm(γ1) 6= |λ|lm(γ1) contradicts the minimality of γ. Thus
γ has only one connected component, that is, γ ∈ Gi.
So the homology class maps Gi onto Si ∩H1(M,Z). It is injective by the genericity
of (M,m). This finishes the proof of the lemma. 
In the following result, we refer the reader to the introduction for the definitions of
B1, F , and Ω.
Theorem 2.13. Let (M,m) be a giraffe of genus g. Furthermore assume that
(M,m) is generic in the sense of Definition 2.6. Then we have
•
lim
T→∞
N(T )
T 2
=
g∑
i=1
Ω(Si ∩ B1)
•
g⋃
i=1
Si ∩ B1 = F
•
Ω(Si ∩ B1) = Ω(F).
So a generic giraffe of genus g verifies Conjecture 1.2.
Proof. By Lemma 2.8 we have
(7) G =
g⋃
i=1
Gi
so, denoting
Ni(T ) = ]{γ ∈ Gi : lm(γ) ≤ T},
we have
N(T ) =
g∑
i=1
Ni(T ).
On the other hand, by Lemma 2.12, for any T > 0,
Ni(T ) = ]{h ∈ Si ∩H1(M,Z) : ‖h‖ ≤ T}
= ]TSi ∩ B1.
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Since the set Si ∩ B1 is convex and the lattice Si ∩ H1(M,Z) has determinant 1
(because the subspace Si is symplectic), the classical Minkovski theorem says that
lim
T→∞
Ni(T )
T 2
= Ω(Si ∩ B1)
whence, by (7),
lim
T→∞
N(T )
T 2
=
g∑
i=1
Ω(Si ∩ B1)
which is the first statement of the theorem.
Now, by (7), F is the closure in H1(M,R) of the set
g⋃
i=1
{t [γ]‖ [γ] ‖ : γ ∈ Gi, t ∈ [0, 1]}
whence, by Lemma 2.12, F is the closure in H1(M,R) of the set
g⋃
i=1
{t h‖h‖ : h ∈ Si ∩H1(M,Z), t ∈ [0, 1]}
that is,
F =
g⋃
i=1
Si ∩ B1
which is the second statement of the theorem.
Finally, since Si ∩ Sj = {0} for any i 6= j, we have
Ω(
g⋃
i=1
Si ∩ B1) =
g∑
i=1
Ω(Si ∩ B1)
which is the third statement of the theorem. 
In the general case - that is, when (M,m) is not a giraffe - there is no reason
why homology classes of homologically minimal geodesics should be distributed into
finitely many lattices of rank 2. So in the remainder of this paper what we do is
look for a suitable replacement for the subspaces Si, which leads us into the next
subsection.
2.5. More notation: definition of V (Γ) and L(Γ). Let
• M be a closed, orientable, surface of genus g, equipped with a generic Finsler
metric m
• γ1, . . . γg−1 be simple closed geodesics such that the formal sum Γ := γ1+. . .+γg−1
is a minimizing multicurve
• V (Γ) be the vector subspace of H1(M,R) generated by the homology classes
[γ1] , . . . [γg−1].
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Recall that
V (Γ)⊥ =
g−1⋂
i=1
[γi]
⊥ ,
where orthogonality is meant with respect to the symplectic intersection form. The
subspace V (Γ) is integer, that is, it is generated by integer homology classes (ele-
ments of H1(M,Z)). Furthermore, the intersection form is integer, that is, for any
h, h′ in H1(M,Z), we have Int(h, h′) ∈ Z.
Therefore, in coordinates relative to an integer basis of H1(M,R) (that is, a basis
of H1(M,R) that consists of elements of H1(M,Z)), the equation
Int([γi] , .) = 0
is a system of linear equations with integer coefficients. Thus the vector subspace of
its solutions is generated by integer vectors. Hence the subspace V (Γ)⊥ is integer.
Now observe that since Γ is a minimizing multicurve, its connected components are
pairwise disjoint, so Int([γi] , [γj] , ) = 0 for all i, j = 1, . . . g − 1. This means that
V (Γ) ⊂ V (Γ)⊥
thus the quotient space V (Γ)⊥/V (Γ) is well defined. Since both V (Γ) and V (Γ)⊥
are integer subspaces of H1(M,R), the quotient group
L(Γ) :=
(
V (Γ)⊥ ∩H1(M,Z)
)
/ (V (Γ) ∩H1(M,Z))
is a lattice (i.e. a discrete, cocompact additive subgroup) in V (Γ)⊥/V (Γ).
We want to prove that the intersection form quotients to a symplectic form on
V (Γ)⊥/V (Γ). The kernel of the restriction of the intersection form to V (Γ)⊥ is(
V (Γ)⊥
)⊥
= V (Γ).
Thus the intersection form is well defined, and non-degenerate, hence symplectic,
on the quotient space.
Finally, we point out that since (M,m) is generic, the homology classes [γ1] , . . . [γg−1]
are linearly independent, so dimV (Γ) = g−1, thus dimV (Γ)⊥ = 2g−(g−1) = g+1.
Hence
dimV (Γ)⊥/V (Γ) = g + 1− (g − 1) = 2.
In short, we have proved that V (Γ)⊥/V (Γ) has dimension two, and comes with a
symplectic form and a lattice L(Γ), which are quotients of, respectively, the inter-
section form and the integer lattice.
Lemma 2.14. Let
• M be a closed, orientable, surface of genus g, equipped with a generic Finsler
metric m,
• γ1, . . . γk be simple closed geodesics, such that the formal sum Γ := γ1 + . . . + γk
is a minimizing multicurve,
• h be a homology class in V (Γ)⊥.
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Then there exists a minimizing measure ν, such that [ν] = h mod V (Γ), ν + µΓ is
a minimizing measure, and supp(ν) ∩ (Γ, Γ˙) = ∅, wfhere (Γ, Γ˙) denotes the set of
tangent vectors to Γ in the unit tangent bundle T 1M .
Proof. By Theorem 2.3 there exists s(h0, h) > 0 such that the subset of the unit
sphere ∂B1 {
h0 + sh
||h0 + sh|| : s ∈ [0, s(h0, h)]
}
is a straight segment. Let µ be an h0 + sh-minimizing measure, for some 0 < s ≤
s(h0, h).
For each i = 1, . . . g − 1 let Vi be the neighborhood of (γi, γ˙i) given by Proposition
2.4. Let V be the union over i = 1, . . . g − 1 of the Vi. First let us prove that
V ∩ supp(µ) is φt-invariant. Indeed by Proposition 2.4 a minimizing geodesic that
enters V either
• is asymptotic to one of the γi,
• is homotopic to one of the γi,
• or cuts one of the γi with constant sign.
In the second case, the minimizing geodesic cannot be in the support of any minimiz-
ing measure by Lemma 2.5. In the third case, the minimizing geodesic cannot be in
the support of a minimizing measure τ such that Int([τ ] , γi) = 0 for i = 1, . . . g−1, in
particular it cannot be in the support of an h0 + sh-minimizing measure, because of
the Graph Property [Mr91] which says that the canonical projection p : TM →M ,
restricted to the support of a minimizing measure, is injective, and its inverse is
Lipschitz.
Therefore V ∩ supp(µ) consists of periodic orbits homotopic to some or all of the γi.
Thus it is φt-invariant.
For any measurable subset A of T 1M , set
α(A) := µ(A ∩ V )
β(A) := µ(A \ V ).
Then α and β are two measures on T 1M . They are invariant by the geodesic flow
because V ∩ supp(µ), as well as its complement in supp(µ), is φt-invariant. They are
both minimizing because their supports are contained in the support of a minimizing
measure [Mn92]. The support of ν is disjoint from (Γ, Γ˙) by the definition of β.
Since the support of α consists of periodic orbits homotopic to some or all of the
γi, the homology class of α is contained in V (Γ). We have α + β = µ, hence
[α] + [β] = h0 + sh. Thus
ν :=
1
s
β
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is a minimizing measure by Lemma 2.1. Its homology is
h+
1
s
(h0 − [α]) ,
thus [ν] = h mod V (Γ).
Moreover, since all of the γi are contained in the support of α,α cannot be expressed
as a convex combination of a proper subset of µ1, . . . µg−1, so there exist a1, . . . ag−1 >
0 such that
α =
g−1∑
i=1
aiµi.
Now
α + β =
g−1∑
i=1
aiµi + β
is a minimizing measure, so by Lemma 2.1,
ν + µΓ =
g−1∑
i=1
µi +
1
s
β
is also a minimizing measure. 
2.6. Still more notation: definitions of G(Γ) and F(Γ). Let
• M be a closed, orientable, surface of genus g, equipped with a generic Finsler
metric m
• γ1, . . . γg−1 be simple closed geodesics, such that the formal sum Γ := γ1+. . .+γg−1
is a minimizing multicurve.
We denote by
• G(Γ) the set of closed geodesics α, disjoint from Γ, such that Γ+α is a minimizing
multicurve (observe that if α ∈ G(Γ), then nα ∈ G(Γ) for any n ∈ Z)
• µi the element of M which is supported on (γi, γ˙i) ⊂ T 1M
• µΓ := µ1 + . . .+ µg−1
• F(Γ) the set of homology classes h of measures µ, supported outside of (Γ, Γ˙),
such that µΓ + µ is a minimizing measure
• by Ft(Γ) the intersection of F(Γ) with the ball of the stable norm of radius t,
centered at the origin.
Observe that
• M is invariant under sums and scalar multiplication by a nonnegative number,
that is, M is a convex cone with vertex at the zero measure.
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• F(Γ) is invariant under scalar multiplication by a nonnegative number, that is,
F(Γ) is a cone with vertex at the origin.
• for any α in G(Γ), the homology class of α lies in F(Γ)
• for any α in G(Γ), [α] mod V (Γ) ∈ L(Γ)
• for any µ inM such that [µ] ∈ F(Γ), we have Int([µ] , [γi]) = 0 for i = 1, . . . g−1.
Therefore F(Γ) ⊂ V (Γ)⊥.
3.
Proposition 3.1. Let
• M be a closed, orientable, surface of genus g, equipped with a generic Finsler
metric m
• γ1, . . . γg−1 be simple closed geodesics such that the formal sum Γ := γ1 +. . .+γg−1
is a minimizing multicurve.
Then the canonical projection
F(Γ) −→ V (Γ)⊥/V (Γ)
is a bijection.
Proof. Let h be an element of V (Γ)⊥/V (Γ). By Lemma 2.14 there exists a mini-
mizing measure ν, such that [ν] mod V (Γ) = h, supp(ν) ∩ (Γ, Γ˙) = ∅, and ν + µΓ
is a minimizing measure. Then the homology class of ν, which is h mod V (Γ), is
contained in F(Γ), which proves that the canonical projection
F(Γ) −→ V (Γ)⊥/V (Γ)
is onto. Now let us prove that it is one-to-one.
Take h, h′ in F(Γ) such that h = h′ mod V (Γ), and measures µ, µ′ inM such that
• [µ] = h and [µ′] = h′
• supp(µ) ∩ (Γ, Γ˙) = supp(µ′) ∩ (Γ, Γ˙) = ∅
• µ+ µΓ = µ+ µ1 + . . . µg−1 and µ′ + µΓ = µ′ + µ1 + . . . µg−1 are minimizing.
We start by proving that µ+ µ′ + µΓ is minimizing. Since h = h′ mod V (Γ), there
exist real numbers λ1, . . . λg−1 such that
h′ = h+ λ1 [γ1] + . . .+ λg−1 [γg−1] .
Set, for any λ ∈ ]0, 1[,
hλ := λ
h0
‖h0‖ + (1− λ)
h′
‖h′‖ .
ON THE HOMOLOGY LENGTH SPECTRUM OF SURFACES 19
We have
λ
h0
‖h0‖ + (1− λ)
h′
‖h′‖ =
λ
‖h0‖
g−1∑
i=1
[γi] +
1− λ
‖h′‖
(
h+
g−1∑
i=1
λi [γi]
)
=
g−1∑
i=1
(
λ
‖h0‖ +
(1− λ)λi
‖h′‖
)
[γi] +
1− λ
‖h′‖ h
so if we take λ sufficiently close to 1, hλ is a linear combination, with positive
coefficients, of h, [γ1] , . . . , [γg−1]. Thus by Lemma 2.1, since these coefficients are
positive, the measures
ν ′ := λ
µΓ
‖h0‖ + (1− λ)
µ′
‖h′‖
ν :=
g−1∑
i=1
(
λ
‖h0‖ +
(1− λ)λi
‖h′‖
)
µi +
1− λ
‖h′‖ µ
are both minimizing, and since their homology class is hλ, they are hλ-minimizing.
Therefore ν+ν ′ is 2hλ-minimizing. Using Lemma 2.1 again, we deduce that µ+µ′+µΓ
is minimizing.
Hence, by the Graph Property, µ + µ′ may be viewed as an invariant measure of a
Lipschitz flow on M \ Γ, which is homeomorphic to a torus with g − 1 punctures,
so µ + µ′ may be viewed as an invariant measure of a Lipschitz flow on T2. Recall
from [KH] that an invariant measure of a Lipschitz flow on T2 is either ergodic, or
supported on periodic orbits (or both, if it is supported on one periodic orbit).
First case: µ + µ′ is ergodic. Then either there exists a ∈ R such that µ = aµ′,
or there exists a ∈ R such that µ′ = aµ. So, either there exists a ∈ R such that
h = ah′, or there exists a ∈ R such that h′ = ah. By the hypothesis that h = h′
mod V (Γ), this entails that either a = 1, or h = h′ = 0 mod V (Γ).
If a = 1, we have h = h′, which proves that the canonical projection
F(Γ) −→ V (Γ)⊥/V (Γ)
is one-to-one, and thus the proposition.
If h = h′ = 0 mod V (Γ), then there exist a1, . . . , ag−1, b1, . . . , bg−1 in R such that
h =
g−1∑
i=1
aihi and h
′ =
g−1∑
i=1
bihi.
Let us take λ > 0 such that
1− λai > 0 and 1− λbi > 0 ∀i = 1, . . . , g − 1.
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Recall that the measures µ+µΓ = µ+µ1 + . . . µg−1 and µ′+µΓ = µ′+µ1 + . . . µg−1
are minimizing. So by Lemma 2.1,
τ := λµ+
g−1∑
i=1
(1− λai)µi
τ ′ := λµ′ +
g−1∑
i=1
(1− λbi)µi
are also minimizing. Now [τ ] = [τ ′] = h0, which is rational, hence by genericity
τ = τ ′. Let us take, for each i = 1, . . . , g − 1, a neighborhood Vi of (γi, γ˙i) in T 1M ,
such that
• Vi ∩ supp(µ) = Vi ∩ supp(µ′) = ∅
• Vi ∩ Vj = ∅ if i 6= j.
Then we have, for each i = 1, . . . , g − 1,
τ(Vi) = (1− λai)µi(Vi) = (1− λai)length(γi)
τ ′(Vi) = (1− λbi)µi(Vi) = (1− λbi)length(γi),
which, since τ = τ ′, implies ai = bi ∀i = 1, . . . , g − 1, whence h = h′. So the
proposition is proved in the case when µ+ µ′ is ergodic.
Second case: µ+ µ′ is supported on periodic orbits. Recall that two simple closed
curves on a torus which do not intersect have homology classes which are propor-
tional, that is, one is a multiple of the other. Also recall that the homology of M \Γ
is isomorphic to H1(M,R)/V (Γ). Thus there exist h′′ in H1(M,Z) such that
[µ] , [µ′] ∈ V (Γ)⊕ Rh′′
so there exist a1, . . . , ag in R such that
h = [µ] =
g−1∑
i=1
aihi + agh
′′.
Since h = h′ mod V (Γ), there exist b1, . . . , bg−1 in R such that
h′ = [µ′] =
g−1∑
i=1
bihi + agh
′′.
Let us take λ > 0 such that
1− λai > 0, 1− λbi > 0 ∀i = 1, . . . , g − 1 and λag ∈ Q.
Then
τ := λµ+
g−1∑
i=1
(1− λai)µi
τ ′ := λµ′ +
g−1∑
i=1
(1− λbi)µi
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are both minimizing measures, by Lemma 2.1. But
[τ ] = [τ ′] = h0 + agh′′
which is a rational homology class. Hence by genericity τ = τ ′. As in the first case,
we then show that ai = bi ∀i = 1, . . . , g − 1, whence h = h′. This finishes the proof
of Proposition 3.1. 
Lemma 3.2. Let
• M be a closed, orientable, surface of genus g, equipped with a generic Finsler
metric m
• γ1, . . . γg−1 be simple closed geodesics such that the formal sum Γ := γ1 +. . .+γg−1
is a minimizing multicurve.
Then F(Γ) is closed in H1(M,R).
Proof. Take
• a sequence hn of elements of F(Γ), that converges to some h in H1(M,R)
• for each n in N, an hn-minimizing measure µn such that µn + µΓ is minimizing,
and supp(µn) ∩ (Γ, Γ˙) = ∅.
Then, if µ is any limit point of the sequence µn in the weak
∗ topology, µ is h-
minimizing, and µ + µΓ is minimizing because a limit of minimizing measure is
minimizing. To prove that h ∈ F(Γ), it only remains to prove that supp(µ)∩(Γ, Γ˙) =
∅. By Proposition 2.4 and Lemma 2.5, there exists a neighborhood V of (Γ, Γ˙) in
T 1M such that for all n in N, supp(µn) ∩ V = ∅. Then for any continuous function
f supported inside V , we have
∫
fdµn = 0, hence
∫
fdµ = 0, so µ is supported
outside V . Thus supp(µ)∩ (Γ, Γ˙) = ∅, which proves that h ∈ F(Γ). Therefore F(Γ)
is closed in H1(M,R).
Lemma 3.3. Let
• M be a closed, orientable, surface of genus g, equipped with a generic Finsler
metric m
• γ1, . . . γg−1 be simple closed geodesics such that the formal sum Γ := γ1 +. . .+γg−1
is a minimizing multicurve.
Then the canonical projection
F(Γ) −→ V (Γ)⊥/V (Γ)
is a homeomorphism.
Proof. The continuity of the canonical projection is obvious, so all we have to prove
is the continuity of the inverse map. Take a sequence hn of points in V (Γ)
⊥/V (Γ),
which converges to some h ∈ V (Γ)⊥/V (Γ). By Proposition 3.1, there exist ele-
ments h′, h′n, n ∈ N of F(Γ) such that h′n mod V (Γ) = hn for all n ∈ N, and h′
mod V (Γ) = h. What we need to prove is that h′n converges to h
′.
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First let us prove, by contradiction, that the sequence h′n is bounded in H1(M,R).
Assume, after possibly taking a subsequence, that h′n goes to infinity. Consider the
sequence
h′′n := h
′
n/‖h′n‖.
Then h′′n ∈ F(Γ) by homogeneity of F(Γ). On the other hand, for all n, h′′n lies on
the unit sphere of the stable norm, which is compact, so h′′n has a limit point h
′′ such
that ‖h′′‖ = 1. Since F(Γ) is closed in H1(M,R) by Lemma 3.2, h′′ lies in F(Γ).
Now the projection of h′′n to V (Γ)
⊥/V (Γ) is hn/‖h′n‖, which converges to zero. By
continuity of the projection, it follows that h′′ projects to 0 ∈ V (Γ)⊥/V (Γ). But
0 ∈ H1(M,R) lies in F(Γ), and projects to 0 ∈ V (Γ)⊥/V (Γ). By the injectivity of
the projection (Proposition 3.1), this entails h′′ = 0, which contradicts ‖h′′‖ = 1.
This contradiction shows that the sequence h′n is bounded in H1(M,R).
Therefore it has limit points in H1(M,R). Any such limit point lies in F(Γ) by
Lemma 3.2. By continuity of the projection, any limit point of the sequence h′n
projects to h. By the injectivity of the projection (Proposition 3.1), the sequence
h′n then converges to h
′, which proves the lemma. 
Lemma 3.4. Let M be a closed, orientable, surface of genus g, equipped with a
generic Finsler metric m and let γ1, . . . γg−1 be simple closed geodesics such that the
formal sum Γ := γ1 + . . .+ γg−1 is a minimizing multicurve.
Then the canonical projection P1(Γ) of F1(Γ) to V (Γ)⊥/V (Γ) is a compact subset
of V (Γ)⊥/V (Γ), whose boundary is Lebesgue-negligible.
Proof. Since F1(Γ) is the intersection of F(Γ), which is closed in H1(M,R) by
Lemma 3.2, with the unit ball of the stable norm, which is compact, it turns out
that F1(Γ) is compact, and so is its projection to V (Γ)⊥/V (Γ).
Now we prove that the boundary ∂P1(Γ) of P1(Γ) is Lebesgue-negligible. For this
we show that for any h in V (Γ)⊥/V (Γ) \ {0}, there exists a unique λ > 0 such that
λh lies on ∂P1(Γ). The Lebesgue-negligibility of ∂P1(Γ) then follows from Fubini’s
theorem. Take
• h in V (Γ)⊥/V (Γ) \ {0}
• h′ in F(Γ), given by Proposition 3.1, such that h′ mod V (Γ) = h.
Then, for any λ > 0, λh′ lies in F(Γ), and projects to λh. By Proposition 3.1, λh′
is the unique element of F(Γ) which projects to λh. Now, for λ ≤ 1‖h′‖ , we have
λh′ ∈ F1(Γ), so λh ∈ P1(Γ). For λ > 1‖h′‖ , we have λh′ 6∈ F1(Γ), and since λh′ is the
unique element of F(Γ) which projects to λh, it turns out that λh 6∈ P1(Γ). Thus
the point 1‖h′‖h lies on ∂P1(Γ), because it can be approximated both from inside
and outside P1(Γ). On the other hand, for any λ < 1‖h′‖ , if hn is any sequence of
elements of V (Γ)⊥/V (Γ) which converges to λh, denoting h′n the only point of F(Γ)
such that h′n mod V (Γ) = hn, by Lemma 3.3, h
′
n converges to λh
′.
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Recall that λ < 1‖h′‖ , so ‖λh′‖ < 1, hence for n large enough we have ‖h′n‖ < 1.
Thus, for n large enough, hn ∈ P1(Γ), that is, λh lies in the interior of P1(Γ) as a
subset of V (Γ)⊥/V (Γ).
Therefore λ = 1‖h′‖ is the unique λ > 0 such that λh lies on ∂P1(Γ). This finishes
the proof of the lemma. 
Lemma 3.5. Let M be a closed, orientable, surface of genus g, equipped with a
generic Finsler metric m and let γ1, . . . γg−1 be simple closed geodesics such that the
formal sum Γ := γ1 + . . .+ γg−1 is a minimizing multicurve.
Then the map
ψΓ : G(Γ) −→ L(Γ)
α 7−→ [α] mod V (Γ)
is a bijection.
Proof. First let us observe that the map ψΓ is well defined : for any α in G(Γ), we
have
[α] ∈ (F(Γ) ∩H1(M,Z)) ⊂
(
V (Γ)⊥ ∩H1(M,Z)
)
so
[α] mod V (Γ) ∈ (V (Γ)⊥ ∩H1(M,Z)/V (Γ)) = L(Γ).
Now let us prove that ψΓ is injective. Take α, α
′ in G(Γ) such that [α] = [α′]
mod V (Γ). Then, since [α] , [α′] in F(Γ), Proposition 3.1 says that [α] = [α′]. Then
α = α′ because the metric m is generic. Therefore ψΓ is injective.
It remains to prove that ψΓ is onto. Take l in L(Γ). By Proposition 3.1, there exists
h in F(Γ) such that h mod V (Γ) = l. Hence, by the definition of L(Γ), there exists
l1 ∈ H1(M,Z)∩V (Γ)⊥, and a1, . . . , ag−1 in R such that h = l1+a1h1,+ . . .+ag−1hg−1.
Since h ∈ F(Γ), we may take an h-minimizing measure µ, supported away from
(Γ, Γ˙), such that µ+ µΓ is minimizing. Then by Lemma 2.1, for any integer n such
that n ≥ ai, i = 1, . . . g − 1, the measure
ν := µ+ (n− a1)µ1 + . . .+ (n− ag−1)µg−1
is minimizing. But its homology class is l1 + h1 + . . . hg−1, which is integer, so by
Proposition 2.2 ν is supported on closed geodesics. Thus µ is supported on closed
geodesics. Take two closed geodesics γ and γ′ in the support of µ. Then γ and γ′
are simple, non-separating closed curves on the punctured torus M \ Γ, and by the
Graph Theorem they are either disjoint or equal, so their homology classes (as curves
in T2) are proportional. Thus there exist an integer homology class hg ∈ H1(M,Z),
and integers ag, bg, such that
[γ] =
g−1∑
i=1
aihi + aghg
[γ′] =
g−1∑
i=1
bihi + bghg
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Reversing, if necessary, the orientations of γ and γ′, we may assume that ag, bg ≥ 0.
Take n, n′ ∈ N such that nag = n′bg. Let
• τ be the measure in M supported by (γ, γ˙), whose homology class is [γ]
• τ ′ be the measure in M supported by (γ′, γ˙′), whose homology class is [γ′].
Since µ + µΓ is minimizing, and (γ, γ˙) is contained in the support of µ, τ + µΓ is
minimizing, and so is
τ1 := nν +
g−1∑
i=1
max(n′bi − nai, 0)µi
by Lemma 2.1. Likewise,
τ2 := n
′ν ′ +
g−1∑
i=1
max(nai − n′bi, 0)µi
is minimizing. But
[τ1] = [τ2] = naghg +
g−1∑
i=1
(max(n′bi, nai)hi
which is an integer homology class. Therefore, since the metric m is generic, we have
τ1 = τ2, whence τ = τ
′, and γ = γ′. So the h-minimizing measure µ is supported
on the closed geodesic γ. Thus there exists λ ∈ R such that h = λ [γ]. Since γ
is a simple closed curve in M \ Γ, there exists a closed curve α in M \ Γ which
intersects γ exactly once, so Int(h, [α]) = λ. We also have Int(hi, [α]) = 0 because γ
lies in M \ Γ. Since h = l1 + a1h1,+ . . . + ag−1hg−1, it follows that Int(l1, [α]) = λ.
Now, since l1 ∈ H1(M,Z), this entails λ ∈ Z. On the other hand, since µ + µΓ
is minimizing, we have γ ∈ G(Γ), so λγ ∈ G(Γ). Since λ [γ] mod V (Γ) = l, this
proves the surjectivity of ψΓ. 
For any t ≥ 0, denote by NΓ(t) the number of elements of L(Γ) which are contained
in the canonical projection of Ft(Γ) to V (Γ)⊥/V (Γ).
Lemma 3.6. Let M be a closed, orientable, surface of genus g, equipped with a
generic Finsler metric m and let γ1, . . . γg−1 be simple closed geodesics such that the
formal sum Γ := γ1 + . . .+ γg−1 is a minimizing multicurve.
Then, for any t ≥ 0, NΓ(t) equals the number ]Gt(Γ) of elements of G(Γ) of length
less than t.
Proof. We prove the lemma by showing that the map α 7→ [α] mod V (Γ) is a
one-to-one correspondance between
L(Γ)
⋂
(Ft(Γ) mod V (Γ))
and the subset Gt(Γ) of G(Γ) which consists of closed geodesics of length ≤ t.
Take α ∈ Gt(Γ). Then [α] ∈ F(Γ), and ‖ [α] ‖ ≤ length(α) ≤ t, so [α] ∈ Ft(Γ).
Hence
[α] mod V (Γ) ∈ (Ft(Γ) mod V (Γ)) .
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Besides, [α] ∈ H1(M,Z) so [α] mod V (Γ) ∈ L(Γ). Thus
[α] mod V (Γ) ∈
(
L(Γ)
⋂
(Ft(Γ) mod V (Γ))
)
.
Conversely, take h in L(Γ)
⋂
(Ft(Γ) mod V (Γ)). Since h ∈ L(Γ), by Lemma 3.5
there exists a unique α in G(Γ) such that [α] = h mod V (Γ). Now h ∈ Ft(Γ)
mod V (Γ), so there exists h′ ∈ Ft(Γ) such that h′ = h mod V (Γ). But Proposition
3.1 says there exists a unique h′′ ∈ F(Γ) such that h′′ = h mod V (Γ); since [α] ∈
F(Γ) and [α] = h mod V (Γ), it follows that [α] = h′ = h′′, so [α] ∈ Ft(Γ). Therefore
‖ [α] ‖ ≤ t. But the closed geodesic α is minimizing since it lies in G(Γ), so ‖ [α] ‖ =
length(α), thus length(α) ≤ t, which finishes the proof of the lemma. 
Theorem 3.7. Let
• M be a closed, orientable, surface of genus g, equipped with a generic Finsler
metric m
• γ1, . . . γg−1 be simple closed geodesics such that the formal sum Γ := γ1 +. . .+γg−1
is a minimizing multicurve
• Gt(Γ) be the set of closed geodesics α of length ≤ t, such that α+Γ is a minimizing
multicurve.
Then, Leb being the normalized Lebesgue measure in Rn,
lim
t→+∞
1
t2
]Gt(Γ) = LebP1(Γ)
Proof. By Lemma 3.6, for any t ≥ 0, ]Gt(Γ) equals the number of elements of L(Γ)
which are contained in the projection Pt(Γ) of Ft(Γ) to V ⊥(Γ)/V (Γ). Observe that
for any t ≥ 0, we have
Pt(Γ) = tP1(Γ).
By Lemma 3.4, P1(Γ) is a compact subset of V ⊥(Γ)/V (Γ), whose boundary is
Lebesgue-negligible. Then Proposition A.1 says that the number of elements of
L(Γ) which are contained in Pt(Γ), divided by t2, converges to the Lebesgue mea-
sure of P1(Γ). 
Appendix A.
The classical Minkovsky theorem says that if C is a convex body in Rn, then
lim
t→+∞
1
tn
] (tC ∩ Zn) = Leb (C)
where ] denotes the cardinality of a set and Leb is the normalized Lebesgue measure
in Rn. Here we need to deal with non-convex bodies so we prove the following
Proposition A.1. Let C be a compact subset of R2 such that the boundary ∂C of
C has zero Lebesgue measure. Then
lim
t→+∞
1
t2
]
(
tC ∩ Z2) = Leb (C).
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Proof. For t > 0 we define a measure µt on R2 by
µt :=
1
tn
∑
z∈Z2
δ(
z
t
)
where δ(z) is the Dirac measure at z. Observe that
µt(C) =
1
t2
]
(
tC ∩ Z2)
so we want to prove that limt→+∞ µt(C) = Leb (C). Let us first evaluate µt on
rectangles. Take real numbers a ≤ b, c ≤ d. We have
µt ([a, b]× [c, d]) ≤ 1
t2
(E(t(b− a)) + 1) (E(t(d− c)) + 1)(8)
≤ 1
t2
(t(b− a) + 1) (t(d− c) + 1)(9)
≤
(
b− a+ 1
t
)(
d− c+ 1
t
)
(10)
and similarly
µt (]a, b[× ]c, d[) ≥ (E(t(b− a))− 1) (E(t(d− c))− 1)(11)
≥ 1
t2
(t(b− a)− 2) (t(d− c)− 2)(12)
≥
(
b− a− 2
t
)(
d− c− 2
t
)
.(13)
Now pick  > 0. Since Leb (∂C) = 0, we may cover the compact set ∂C by a a
finite number of open rectangles R1, . . . Rk such that
(14) Leb (R1 ∪ . . . ∪Rk) < .
Take open rectangles Rk+1, . . . Rp contained in C such that C ⊂ R1∪ . . .∪Rp. Then
µt (Rk+1 ∪ . . . ∪Rp) ≤ µt(C) ≤ µt (R1 ∪ . . . ∪Rp)
Leb (Rk+1 ∪ . . . ∪Rp) ≤ Leb (C) ≤ Leb (R1 ∪ . . . ∪Rp)
which, by the inequality (14), entails
(15) Leb (R1 ∪ . . . ∪Rp)−  ≤ Leb (C) ≤ Leb (Rk+1 ∪ . . . ∪Rp) + 
Now by the inequalities (10, 13), for each i = 1, . . . p, µt(Ri) converges to Leb (Ri),
so there exists a real number T such that for all t ≥ T , we have
µt (Rk+1 ∪ . . . ∪Rp) ≥ Leb (Rk+1 ∪ . . . ∪Rp)− 
µt (R1 ∪ . . . ∪Rp) ≤ Leb (R1 ∪ . . . ∪Rp) + .
Then by (15), for all t ≥ T , we have
|µt(C)− Leb (C)| ≤ 4
which,  being arbitrary, proves the convergence of µt(C) to Leb (C), and the
proposition. 
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